OPTIMAL TESTS FOLLOWING SEQUENTIAL EXPERIMENTS
KARUN ADUSUMILLI

ABSTRACT. Recent years have seen tremendous advances in the theory and ap-
plication of sequential experiments. While these experiments are not always
designed with hypothesis testing in mind, researchers may still be interested in
performing tests after the experiment is completed. The purpose of this pa-
per is to aid in the development of optimal tests for sequential experiments by
analyzing their asymptotic properties. Our key finding is that the asymptotic
power function of any test can be matched by a test in a limit experiment where
a Gaussian process is observed for each treatment, and inference is made for the
drifts of these processes. This result has important implications, including a
powerful sufficiency result: any candidate test only needs to rely on a fixed set
of statistics, regardless of the type of sequential experiment. These statistics
are the number of times each treatment has been sampled by the end of the ex-
periment, along with final value of the score (for parametric models) or efficient
influence function (for non-parametric models) process for each treatment. We
then characterize asymptotically optimal tests under various restrictions such as
unbiasedness, a-spending constraints etc. Finally, we apply our results to three
key classes of sequential experiments: costly sampling, group sequential trials,
and bandit experiments, and show how optimal inference can be conducted in

these scenarios.
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1. INTRODUCTION

Recent years have seen tremendous advances in the theory and application of
sequential /adaptive experiments. Such experiments are now used being in a wide
variety of fields, ranging from online advertising (Russo et al., 2017), to dynamic
pricing (Ferreira et al., 2018), drug discovery (Wassmer and Brannath, 2016), pub-
lic health (Athey et al., 2021), and economic interventions (Kasy and Sautmann,
2019). Compared to traditional randomized trials, these experiments allow one
to target and achieve a more efficient balance of welfare, ethical, and economic
considerations. In fact, starting from the Critical Path Initiative in 2006, the FDA
has actively promoted the use of sequential designs in clinical trials for reducing
trial costs and risks for participants (CBER, 2016). For instance, group-sequential
designs, wherein researchers conduct interim analyses at predetermined stages of
the experiment, are now routinely used in clinical trials. If the analysis suggests a
significant positive or negative effect from the treatment, the trial may be stopped
early. Other examples of sequential experiments include bandit experiments (Lat-
timore and Szepesvari, 2020), best-arm identification (Russo and Van Roy, 2016)
and costly sampling (Adusumilli, 2022), among many others.

Although hypothesis testing is not always the primary goal of sequential ex-
periments, one may still desire to conduct a hypothesis test after the experiment
is completed. For example, a pharmaceutical company may conduct an adaptive
trial for drug testing with the explicit goal of maximizing welfare or minimizing
costs, but may nevertheless be required to test the null hypothesis of a zero aver-
age treatment effect for the drug after the trial. Despite the practical importance
of such inferential methods, there are currently few results characterizing optimal
tests, or even identifying which sample statistics to use when conducting tests
after sequential experiments. This paper aims to fill this gap.

To this end, we follow the standard approach in econometrics and statistics
(see, e.g., Van der Vaart, 2000, Chapter 14) of studying the properties of various
candidate tests by characterizing their power against local alternatives, also known
as Pitman alternatives. These are alternatives that converge to the null at the

parametric, i.e., 1/4/n rate, leading to non-trivial asymptotic power. Here, n is



typically the sample size, although it can have other interpretations in experiments
which are open-ended, see Section 2 for a discussion. The main finding of this
paper is that the asymptotic power function of any test can be matched by that
of a test in a limit experiment where one observes a Gaussian process for each
treatment, and the aim is to conduct inference on the drifts of the Gaussian
processes.

As a by-product of this equivalence, we show that the power function of any
candidate test (which may employ additional information beyond the sufficient
statistics) can be matched asymptotically by one that only depends on a finite set
of sufficient statistics. In the most general scenario, the sufficient statistics are the
number of times each treatment has been sampled by the end of the experiment,
along with final value of the score (for parametric models) or efficient influence
function (for non-parametric models) process for each treatment. However, even
these statistics can be further reduced under additional assumptions on the sam-
pling and stopping rules. Our results thus show that a substantial dimension
reduction is possible, and only a few statistics are relevant for conducting tests.

Furthermore, we characterize the optimal tests in the limit experiment. We
then show that finite sample analogues of these are asymptotically optimal under
the original sequential experiment. Our results can also be used to compute the
power envelope, i.e., an upper bound on the asymptotic power function of any
test. Although a uniformly most powerful test in the limit experiment may not
always exist, some positive results are obtained for testing linear combinations
under unbiasedness or a-spending restrictions. Alternatively, one may impose less
stringent criteria for optimality, like weighted average power, and we show how to
compute optimal tests under such criteria as well.

We provide two new asymptotic representation theorems (ARTS) for formalizing
the equivalence of tests between the original and limit experiments. The first ap-
plies to ‘stopping-time experiments’, where the sampling rule is fixed beforehand
but the stopping rule (which describes when the experiment is to be terminated)

is fully adaptive (i.e., it can be updated after every new observation). Our second



ART allows for the sampling rule to be adaptive as well, but we require the sam-
pling and stopping decision to be updated only a finite number of times, after ob-
serving the data in batches. While constraining attention to batched experiments
is undoubtedly a limitation, practical considerations often necessitate conducting
sequential experiments in batches anyway. Also, as shown in Adusumilli (2021),
any fully adaptive experiment can be approximated by a batched experiment with
a sufficiently large number of batches. Our second ART builds on, and extends,
the recent work of Hirano and Porter (2023) on asymptotic representations. We
refer to Sections 1.1 and 5.1 for a detailed comparison.

Importantly, our framework covers both parametric and non-parametric set-
tings. Finally, we apply our results to three important examples of sequential ex-
periments: costly sampling, group sequential trials and bandit experiments, and
suggest new inferential procedures for these experiments that are asymptotically

optimal under different scenarios.

1.1. Related literature. Despite the vast amount of work on the development
of sequential learning algorithms, the literature on inference following the use of
such algorithms is relatively sparse. One approach gaining some popularity in
computer-science is called ‘any-time inference’. Here, one seeks to construct tests
and confidence intervals that are correctly sized no matter how, or when, the
experiment is stopped. We refer to Ramdas et al. (2022) for a survey and to
Griinwald et al. (2020), Howard et al. (2021), Johari et al. (2022) for some recent
contributions. The uniform-in-time size constraint is a stringent requirement, and
this comes at the expense of lower power than could be achieved otherwise. By
contrast, our focus in this paper is on classical notions of testing, where size control
is only achieved when the experimental protocol, i.e., the specific sampling rule
and stopping time, is followed exactly. In essence, this requires the decision maker
to pre-register the experiment and fully commit to the protocol. We believe this
is valid assumption in most applications; adaptive experiments are usually con-
structed with the explicit goal of welfare maximization, so there is little incentive
to deviate from the protocol as long as the preferences of the experimenter and

the end-user of the experiment are aligned (e.g., in the case of online marketplaces



they would be the same entity). In other situations, pre-registration of the ex-
perimental design is usually mandatory, see, e.g., the FDA guidance on sequential
designs (CBER, 2016).

There are other recent papers which propose inferential methods under the
‘classical’ hypothesis-testing framework. Zhang et al. (2020) and Hadad et al.
(2021) suggest asymptotically normal tests for some specific classes of sequential
experiments. These tests are based on re-weighing the observations. There are also
a number of methods for group sequential and linear boundary designs commonly
used in clinical trials, see Hall (2013) for a review. However, it is not clear if any
of them are optimal even within their specific use cases.

Finally, in prior and closely related work to our own, Hirano and Porter (2023)
obtain an Asymptotic Representation Theorem (ART) for batched sequential ex-
periments that is different from ours and apply this to testing. The ART of Hirano
and Porter (2023) is a lot more general than our own, e.g., it can be used to deter-
mine optimal conditional tests given outcomes from previous stages. However, this
generality comes at a price as the state variables increase linearly with the number
of batches. Here, we build on and extend these results to show that only a fixed
number of sufficient statistics are needed to match the unconditional asymptotic
power of any test, irrespective of the number of batches (our results also apply
to asymptotic power conditional on stopping times). We also derive a number of
additional results that are new to this literature: First, our ART for stopping-
time experiments applies to fully adaptive experiments (this result is not based
on Hirano and Porter, 2023; rather, it makes use of a representation theorem for
stopping times due to Le Cam, 1979). Second, our analysis covers non-parametric
models, which is important for applications. Third, we characterize the properties
of optimal tests in a number of different scenarios, e.g., for testing linear combi-
nations of parameters, or under unbiased and a-spending requirements. This is
useful as UMP tests do not generally exist otherwise.

As noted earlier, this paper employs the local asymptotic power criterion to
rank tests. This criterion naturally leads to ‘diffusion asymptotics’, where the
limit experiment consists of Gaussian diffusions. Diffusion asymptotics were first

introduced by Wager and Xu (2021) and Fan and Glynn (2021) to study the



properties of a class of sequential algorithms. In previous work (Adusumilli, 2021),
this author demonstrated some asymptotic equivalence results for comparing the
Bayes and minimax risk of bandit experiments. Here, we apply the techniques

devised in those papers to study inference.

1.2. Examples. Before describing our procedures, it can be instructive to con-

sider some examples of sequential experiments.

1.2.1. Costly sampling. Consider a sequential experiment in which sampling is
costly, and the aim is to select the best of two possible treatments. Previous work
by this author (Adusumilli, 2022) showed that the minimax optimal strategy in
this setting involves a fixed sampling rule (the Neyman allocation) and stopping
when the average difference in treatment outcomes multiplied by the number of ob-
servations exceeds a specific threshold. In fact, the stopping rule here has the same
form as the SPRT procedure of Wald (1947), even though the latter is motivated
by very different considerations. SPRT is itself a special case of ‘fully sequential
linear boundary designs’, as discussed, e.g., in Whitehead (1997). Typically these
procedures recommend sampling the two treatments in equal proportions instead
of the Neyman allocation. In Section 6, we show that for ‘horizontal fully sequen-
tial boundary designs’ with any fixed sampling rule (including, but not restricted
to, the Neyman allocation), the most powerful unbiased test for treatment effects

depends only on the stopping time and rejects when it is below a specific threshold.

1.2.2. Group sequential trials. In many applications, it is not feasible to employ
continuous-time monitoring designs that update the decision rule after each obser-
vation. Instead, one may wish to stop the experiment only at a limited number of
pre-specified times. Such designs are known as group-sequential trials, see Wass-
mer and Brannath (2016) for a textbook treatment. Recently, these experiments
have become very popular for conducting clinical trials; they have been used,
e.g., to test the efficacy of Coronavirus vaccines (Zaks, 2020). While a number
of methods have been proposed for inference following these experiments, as re-
viewed, e.g., in Hall (2013), it is not clear which, if any, are optimal. In Section 6,
we derive optimal non-parametric tests and confidence intervals for such designs

under an a-spending size criterion (see, Section 2.4).



1.2.3. Bandit experiments. In the previous two examples, the decision maker could
choose when to end the experiment, but the sampling strategy was fixed before-
hand. In many experiments however, the sampling rule can also be modified based
on the information revealed from past data. Bandit experiments are a canonical
example of these. Previously, Hirano and Porter (2023) derived asymptotic power
envelopes for any test following batched parametric bandit experiments. In this
paper, we refine the results of Hirano and Porter (2023) further by showing that
only a finite number of sufficient statistics are needed for testing, irrespective of

the number of batches. Our results apply to non-parametric models as well.

2. OPTIMAL TESTS IN EXPERIMENTS INVOLVING STOPPING TIMES

In this section we study the asymptotic properties of tests for parametric stopping-
time experiments, i.e., sequential experiments that involve a pre-determined stop-

ping time.

2.1. Setup and assumptions. Consider a decision-maker (DM) who wishes to
conduct an experiment involving some outcome variable Y. Before starting the
experiment, the DM registers a stopping time, 7, that describes the eventual
sample size in multiples of n observations (see below for the interpretation of
n). The choice of 7 may involve a balancing a number of considerations such as
costs, ethics, welfare etc. Here, we abstract away from these issues and take 7 as
given. In the course of the experiment, the DM observes a sequence of outcomes
Y1,Ys, ... . The experiment ends in accordance with 7, which we assume to be
adapted to the filtration generated by the outcome observations. Let P, denote
a parametric model for the outcomes. Our interest in this section is in testing
Hy:0=0yvs Hy : 0 € ©; where ©0NO; = (). Let 6, € Oy denote some reference
parameter in the null set.

There are two notions of asymptotics one could employ in this setting, and
consequently, two different interpretations of n. In many settings, e.g., group se-
quential trials, there is a limit on the maximum number of observations that can
be collected; this limit is pre-specified and we take it to be n. Consequently, in
these experiments, 7 € [0, 1]. Alternatively, we may have open-ended experiments

where the stopping time is determined by balancing the benefit of experimentation



with the cost for sampling each additional unit of observation. In this case, we
employ small-cost asymptotics and n then indexes the rate at which the sampling
costs go to 0 (alternatively, we can relate n to the population size in the imple-
mentation phase following the experiment, see Adusumilli, 2022). The results in
this section apply to both asymptotic regimes.

Let ¢, € [0,1] denote a candidate test. It is required to be measurable with
respect to o{Y7,...,Y|nr}. Now, it is fairly straightforward to construct tests that
have power 1 against any fixed alternative as n — oco. Consequently, to obtain a
more fine-grained characterization of tests, we consider their performance against
local perturbations of the form {6y + h/y/n; h € R?}. Denote P, := By +nyym and
let IE,(la)[-] denote its corresponding expectation. Also, let v denote a dominating
measure for {Py : 6 € R}, and set py := dFPy/dv. We impose the following

regularity conditions on the family Py, and the stopping time 7:

Assumption 1. The class {Py : 0 € R} is differentiable in quadratic mean

around 0y, i.e., there exists a score function ¢ (-) such that for each h € R?,

[ [Voms = v = 3w dv = oflh®). (2.1)

Assumption 2. There exists T' < oo independent of n such that 7 < T.

Both assumptions are fairly innocuous. As noted previously, in many examples
we already have 7 < 1.

Let P, denote the joint probability measure over the iid sequence of out-
comes Y1, ..., Y, and take E,; 5[-] to be its corresponding expectation. Define the

(standardized) score process x,(t) as

J-1/2 lnt]

T U0,

where I := Eo[(Y;)y(Y;)T] is the information matrix. It is well known, see e.g.,

T (t)

Van der Vaart (2000, Chapter 7), that quadratic mean differentiability implies
E,ro[¢(Y;)] = 0 and that I exists. Then, by a functional central limit theorem,

() == 2(); 2() ~ W), (2.2)

P.r0



Here, and in what follows, W (-) denotes the standard d-dimensional Brownian
motion. Assumption 1 also implies the important property of Sequential Local

Asymptotic Normality (SLAN; Adusumilli, 2021): for any given h € R?,

] g t

> In TPooth/ v _ hTIY22,(t) — =hTIh + op,, (1), uniformly over t < T. (2.3)
i=1 dpy, 2 o

The above states that the likelihood ratio admits a quadratic approximation uni-

formly over all ¢.

2.2. Asymptotic representation theorem. In what follows, take U to be a
Uniform|0, 1] random variable that is independent of the process z(+), and define
Fi = o{x(s),U;s < t} to be the filtration generated by U and the stochastic
process z(-) until time t.

Consider a limit experiment where one observes U and a Gaussian diffusion
x(t) := I'2ht + W(t) with some unknown h, and constructs a test statistic ¢
based on knowledge only of (i) an F;-adapted stopping time 7 that is the limiting
version of 7 (in a sense made precise below); and (ii) the stopped process x(7). Let
[P, denote the induced probability over the sample paths of z(-) given h, and E|]
its corresponding expectation. The following theorem relates the original testing

problem to the one in such a limit experiment:

Theorem 1. Suppose Assumptions 1 and 2 hold. Let ¢, be some test function
defined on the sample space Y1, ..., Yns, and B, (h), its power against Pyryp. Then,
for every sequence {n;}, there is a further sub-sequence {n;, } such that:

(i) (Le Cam, 1979) There exists an F,-adapted stopping time T for which (7, 2, (7)) ——

P.ro
(1,2(T)) on this sub-sequence.
(i) There exists a test ¢ in the limit experiment depending only on T,x(T) such
that B, (h) — B(h) for every h € R?, where B(h) := Ey[o(r,x(7))] is the power

of @ in the limit experiment.

The first part of Theorem 1 is essentially due to Le Cam (1979).
To the best of our knowledge, the second part of Theorem 1 is new. Previously,

Le Cam (1979) showed that for {F,} in the exponential family of distributions,

dPn%
1 N () —s BTTM22(r) — %hTIh.

n
dPpz 0 Prr.o



Here, we extend the above to general families of distributions satisfying Assump-
tion 1. We then derive an asymptotic representation theorem for ¢,, as a conse-
quence of this result.

Note that in the second part of Theorem 1, 7 is taken as given (this mirrors
how 7 is taken as given in the context of the original experiment). It is chosen
so that the first part of the theorem is satisfied. In order to derive optimal tests,
one would need to know the joint distribution of 7, z(7). Unfortunately, the first
part of Theorem 1 does not provide a characterization of 7; it only asserts that
such a stopping time must exist. Fortunately, in practice, most stopping times are
functions, 7 = 7(z,(+)), of the score process, e.g., the optimal stopping time under
costly sampling is given by 7 = inf{t : |z,(¢)| > 7}. Indeed, previous work by
this author (Adusumilli, 2022) and others has shown that if the stopping time is
to be chosen according some notion of Bayes or minimax risk, then it is sufficient
to restrict attention to stopping times that depend only on z,(-). In such cases,

the continuous mapping theorem allows us to determine 7 as 7 = 7(x(+)).
2.3. Characterization of optimal tests in the limit experiment.

2.3.1. Testing a parameter vector. The simplest hypothesis testing problem in the
limit experiment concerns testing Hy : h = 0 vs H; : h = hy. By the Neyman-

Pearson lemma, the uniformly most powerful (UMP) test is
. T
o = L{RII"2a(r) = ZhIT = 0, }.

where v, € R is chosen by the size requirement. Let 5*(h;) denote the power
function of ¢y . Then, by Theorem 1, 3*(-) is an upper bound on the limiting

power function of any test of Hy : 6 = 6.

2.3.2. Testing linear combinations. We now consider tests of linear combinations
of h, i.e., Hy:a™h = 0, in the limit experiment. In this case, a further dimension
reduction is possible if the stopping time is also dependent on a reduced set of
statistics.

Define 0% := a™I 'a, #(t) := o 'aTI"Y/?z(t), let U; denote a Uniform|0, 1]
random variable independent of Z(-), and take J; to be the filtration generated by
o{Uy,%(s) : s < t}. Note that Z(-) ~ W (-) under the null; hence, it is pivotal.

10



Proposition 1. Suppose that the stopping time T in Theorem 1 is F;-adapted.
Then, the UMP test of Hy : aTh =0 vs Hy : aTh = ¢ in the limit experiment is
2

vitrar) =1{ealr) - 7 2.

g

In addition, suppose Assumptions 1 and 2 hold, let 5*(c) denote the power of
for a given ¢, and (,(h) the power of some test, p,, of Hy : a0 = 0 in the original
experiment against local alternatives 0 = 0y + h/\/n . Then, for each h € R¢ |
limy, 00 Bn(h) < B*(aTh).

The above result suggests that Z(7) and 7 are sufficient statistics for the optimal
test. An important caveat, however, is that the class of stopping times are further
constrained to only depend on Z(t) in the limit. In practice, this would happen
if the stopping time 7 in the original experiment is a function only of Z,(-) :=
o~ 'aTI='/?z,(-). Fortunately, this is the case in a number of examples.

It is straightforward to show that the same power envelope, 3*(-), also applies

to tests of the composite hypothesis Hy : aTd < 0.

2.3.3. Unbiased tests. A test is said to be unbiased if its power is greater than size
under all alternatives. The following result describes a useful property of unbiased

tests in the limit experiment:

Proposition 2. Any unbiased test of Hy : h = 0 vs Hy : h # 0 in the limit
experiment must satisfy Eolz(T)o(T, 2(7))] = 0.

See Section 6.1 for an application of the above result.

2.3.4. Weighted average power. Suppose we specify a weight function, w(-), over
alternatives h # 0. Then, the test of Hy : h = 0 in the limit experiment that

maximizes weighted average power is given by

(T 2(7)) =1 {/emmz(ﬂ_gh”hdw(h) > 7} .
The value of 7 is determined by the size requirement.

2.4. Alpha-spending criterion. In this section, we study inference under a

stronger version of the size constraint, inspired by the a-spending approach in

11



group sequential trials (Gordon Lan and DeMets, 1983). Suppose that the stop-
ping time is discrete, taking only the values t = 1,2,...,T. Then, instead of an
overall size constraint of the form E,70[¢,] < @, we may specify a ‘spending-

vector’ a := (ay, ..., ar) satisfying 37, oy = a, and require
Enroll{7 = thon] < o V 1. (2.4)

In what follows, we call a test, ¢, satisfying (2.4) a level-a test (with a boldface
). Intuitively, if each ¢ corresponds to a different stage of the experiment, the a-
spending constraint prescribes the maximum amount of Type-I error that may be
expended at stage t. As a practical matter, it enables us to characterize a UMP
or UMP unbiased test in settings where such tests do not otherwise exist. We
also envision the criterion as a useful conceptual device: even if we are ultimately
interested in a standard level-a test, we can obtain this by optimizing a chosen
power criterion (average power, etc.) over the spending vectors a := (aq, ..., Q)
satisfying >, ax < a.

A particularly interesting example of an a-spending vector is (aP,ro(7 =
1),...,aP,ro(7 = k)); this corresponds to the requirement that E, 7o [¢n| 7 = t] <
a for all t, i.e., the test be conditionally level-a given any realization of the stopping
time. This may have some intuitive appeal, though it does disregard any informa-
tion provided by the stopping time for discriminating between the hypotheses.

Under the a-spending constraint, a test that maximizes expected power also
maximizes expected power conditional on each realization of stopping time. This
is a simple consequence of the law of iterated expectations. Consequently, we focus
on conditional power in this section. Our main result here is a generalization of
Theorem 1 to a-spending restrictions. The limit experiment is the same as in

Section 2.2.

Theorem 2. Suppose Assumptions 1, 2 hold, and the stopping times are discrete,
taking only the values 1,2,...,T. Let p, be some level-ax test defined on the sample
space Yi,...,Ynz, and B, (h|t), its conditional power against P,r; given T = t.
Then, there exists a level-a test, o(-), in the limit experiment depending only on

7,2(7) such that, for every h € R? and t € {1,2,..., T} for which Po(T =1t) # 0,

12



Bn(h|t) converges to B(h|t) on subsequences, where B(h|t) := Ey[o(T, z(7))|T = t]

is the conditional power of () in the limit experiment.

It may be possible to extend the above result to continuous stopping times using

Le Cam’s discretization device, though we do not take this up here.

2.4.1. Power envelope. By the Neyman-Pearson lemma, the uniformly most pow-
erful level-a (UMP-a) test of Hy : h =0 vs Hy : h = hy in the limit experiment
is given by
1 if Po(r =1t) < oy
e, (t, (1)) = .
I{hI12a(t) > (1)} if Po(r =1) > oy
Here, 7(t) € R is chosen by the a-spending requirement that Eo[p; (7,2(7))|T =
t] < ay/Py(7 = t) for each t. If we take 3*(hi[t) to be the power function of ¢j (-),
Theorem 2 implies 5*(:|t) is an upper bound on the limiting conditional power

function of any level-a test of Hy : 6 = 6.

2.4.2. Testing linear combinations. A stronger result is possible for tests of linear
combinations of . Recall the definitions of Z(t) and F; from Section 2.3.2. If
the limiting stopping time is F, -adapted, we have, as in Proposition 1, that the
sufficient statistics are only Z(7),7, and the UMP-a test of Hy : aTh = 0 vs

Hy :a™h = ¢ (> 0) in the limit experiment is

1 if Po(r =1t) < oy
I{cz(t) > v.(t)} =1{z(t) > A(t)} HPo(r=1) >

Here, 4(t) is chosen such that Eo[¢*(7,Z(7))|T = t] = au/Po(7 = t). Clearly, 3(t)
it is independent of ¢ for ¢ > 0. Since ¢*(-) is thereby also independent of ¢ for
¢ > 0, we conclude that it is UMP-« for testing the composite one-sided alternative
Hy:aTh=0vs H; : aTh > 0. Thus, a UMP-« test exists in this scenario even as a
UMP test doesn’t. What is more, by Theorem 2, the conditional power function,
B*(c|t), of ¢*(+) is an asymptotic upper bound on the conditional power of any
level-a test, @, of Hy :a™@ = 0 vs Hy : a™d > 0 in the original experiment against

local alternatives 8 = 6y + h/+/n satisfying a7 = ¢/\/n.

13



2.4.3. Conditionally unbiased tests. We call a test conditionally unbiased if it is
unbiased conditional on any possible realization of the stopping time. In analogy
with Proposition 2, a necessary condition for ¢(-) being conditionally unbiased in

the limit experiment is that
Eq [z(7) (p(1,2(T)) —a) |T =t =0V t. (2.5)

Then, by a similar argument as in Lehmann and Romano (2005, Section 4.2), the
UMP conditionally unbiased (level-a) test of Hy: aTh =0 vs Hy : aTh # 0 in the

limit experiment can be shown to be

1 if ]P[)(T = t) S Qi

pr(t, (1) = :
H{z(t) & [yo(®),w®)]y i Po(r=1) > o

The quantities v.(t), yu/(t) are chosen to satisfy both (2.4) and (2.5). In practice,
this requires simulating the distribution of Z(7) given 7 = ¢. Also, v.(-) = =y ()

if the distribution of Z(7) given 7 = ¢ is symmetric around 0 under the null.

2.5. On the choice of ¢, and employing a drifting null. Earlier in this
section, we took 0y € Oy to be some reference parameter in the null set. However,
such a choice may result in the limiting stopping time, 7, collapsing to 0. Consider,
for example, the case of costly sampling (Example 1 in Section 1.2). In this
experiment, the stopping time, 7, is itself chosen around a reference parameter
6y (typically chosen so that the effect of interest is 0 at 6;). But suppose we are
interested in testing Hy : 6 = 6y, for some 6y # 6. Under this null, 7 converges
to 0 in probability as 6 is a fixed distance away from 6,. This issue with the
stopping time arises because the null hypothesis and the stopping time are not
centered around the same reference parameter.

One way to still provide inference in such settings is to set the reference parame-
ter to Ay, but employ a drifting null Hy : h = ho/+/n, where hq is taken to be fixed
over n, and is calibrated as \/ﬁ(é — 6p). The null, Hy, thus changes with n, but
for the observed sample size we are still testing 6 = 6. It is then straightforward
to show that Theorems 1 and 2 continue to apply in this setting; asymptotically,
the inference problem is equivalent to testing that the drift of z(-) is I'/2hg in the

14



limit experiment. The asymptotic approximation is expected to be more accurate
the closer 6 is to 6y; but for distant values of 6, we caution that local asymptotics

may not provide a good approximation.

2.6. Attaining the bound. So far we have described upper bounds on the as-
ymptotic power functions of tests. Now, given a UMP test, ¢*(7, z(7)), in the limit
experiment, we can construct a finite sample version of this, ¢ := ¢©*(7, x,(7)),
by replacing 7, z(7) with 7, z,,(7). Since z,,(7) depends on the information matrix,
I, one would need to either calibrate it to I(6y) (if 6y is known), or replace it with
a consistent estimate. We discuss variance estimators in Appendix B.1.

The test, ¢, would then be asymptotically optimal, in the sense of attain-
ing the power envelope, under mild assumptions. In particular, we only require
that ¢*(-,-) satisfy the conditions for an extended continuous mapping theorem.

Together with (2.3) and the first part of Theorem 1, this implies

(7, 2n(7)) d (7, 2(7))
nt d, n r
S ey | Ba \ prra(r) - ghiin

for any h € R? Then, a similar argument as in the proof of Theorem 1 shows

that the local power of ¢ converges to that of ¢* in the limit experiment.

3. TESTING IN NON-PARAMETRIC SETTINGS

We now turn to the setting where the distribution of outcomes is non-parametric.
Let P denote a candidate class of probability measures for the outcome Y, with
bounded variance, and dominated by some measure v. We are interested in con-
ducting inference on some regular functional, p := u(P), of the unknown data
distribution P € P. We assume for simplicity that p is scalar. Let Py € P
denote some reference probability distribution on the boundary of the null hy-
pothesis so that p(Fy) = 0. Following Van der Vaart (2000, Section 25.6), we
consider the power of tests against smooth one-dimensional sub-models of the

form {Ps; : s <n} for some n > 0, where h(-) is a measurable function satisfying

/

dPY? —4pY? 1 i
sh — %0 5hglPOl/2 dv — 0as s — 0. (3.1)
S
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By Van der Vaart (2000), (3.1) implies [ hdPy = 0 and [ h?dPy < co. The set
of all such candidate h is termed the tangent space T(F). This is a subset of
the Hilbert space L*(F), endowed with the inner product (f,g) = Ep[fg] and
norm || f|| = Ep,[f}]'/2. For any h € T(P,), let P,z denote the joint probability
measure over Yi,...,Y,r, when each Y; is an iid draw from P, ;. Also, take

E,r1[-] to be its corresponding expectation. An important implication of (3.1) is

the SLAN property that for all h € T(F),
o dp 1 t
; In #(Yi) -7 ; WY - 3 1A]* + 0p,,(1), uniformly over ¢. (3.2)

See Adusumilli (2021, Lemma 2) for the proof.

Let ¢ € T(P,) denote the efficient influence function corresponding to estima-

tion of u, in the sense that for any h € T'(F),

p(Pen) = p(Fo)

S

— (¥, h) = ofs). (3.3)

Denote 02 = Ep,[1)?]. The analogue of the score process in the non-parametric

setting is the efficient influence function process
i
) = T 3w
At a high level, the theory for inference in non-parametric settings is closely
related to that for testing linear combinations in parametric models (see, Section
2.3). It is not entirely surprising, then, that the assumptions described below are

similar to those used in Proposition 1:

Assumption 3. (i) The sub-models {Psn;h € T(Fy)} satisfy (3.1). Furthermore,
they admit an efficient influence function, 1, such that (3.3) holds.
(ii) The stopping time T is a continuous function of x,(-) in the sense that T =

T(z,()), where 7(-) satisfies the conditions for an extended continuous mapping

theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1).

Assumption 3(i) is a mild regularity condition that is common in non-parametric
analysis. Assumption 3(ii), which is substantive, states that the stopping times

depend only on the efficient influence function process. This is indeed the case for
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the examples considered in Section 6. More generally, however, it may be that 7
depends on other statistics beyond xz,(-). In such situations, the set of asymptoti-
cally sufficient statistics should be expanded to include these additional ones. We
remark that an extension of our results to these situations is straightforward, see
Section 5.3 for an illustration.

We call a test, ¢,, of Hy: p = 0 asymptotically level-« if

sup lim sup / endPyrn < .
{heT (Po):(y,h)=0}

Our first result in this section is a power envelope for asymptotically level-a tests.
Consider a limit experiment where one observes a stopping time 7, which is the
weak limit of 7, and a Gaussian process z(-) ~ o~ u-+W (-), where W (-) denotes 1-
dimensional Brownian motion. By Assumption 3(ii), 7 is adapted to the filtration
generated by the sample paths of z(-). For any 1 € R, let E,[-] denote the induced
distribution over the sample paths of z(-) between [0,77]. Also, define

ra(r) =1 ot) - b 2, (3.4

with 7 being determined by the requirement Eq[¢7] = o, and set §*(u) 1= E,[¢}].

Proposition 3. Suppose Assumption 3 holds. Let 3,(h) the power of some asymp-
totically level-a test, @y, of Hy : = 0 against local alternatives Py, s, Then,
for cvery h € T(Py) and := 6 (6, h), lim sup, .. Ba(h) < 5 ().

A similar result holds for unbiased tests. Following Choi et al. (1996), we say
that a test ¢, of Hy: =0 vs Hy : u # 0 is asymptotically unbiased if
sup lim sup / endPyrp < a, and
{heT (Po):(y,h)=0}

inf liminf/ ndPorn > o
fher (P oy m ) EnEn T =

The next result states that the local power of such a test is bounded by that of a

best unbiased in the limit experiment, assuming one exists.

Proposition 4. Suppose Assumption 3 holds and there exists a best unbiased
test, ©*, in the limit experiment with power function B*(,u) Let B,(h) denote the
power of some asymptotically unbiased test, p,, of Hy : p = 0 vs Hy : u # 0
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over local alternatives Py my. Then, for every h € T(FPy) and p = 6 (¥, h),
limsup,, .., Bn(h) < B (1).

The proof is analogous to that of Proposition 3, and is therefore omitted. Also,
both propositions can be extended to a-spending constraints but we omit formal
statements for brevity.

By similar reasoning as in Section 2.6 (using parametric sub-models), it follows
that we can attain the power bounds 3*(-), 5*(-) by employing plug-in versions of
the corresponding UMP tests. This process simply involves replacing 7, z(7) with

7,2,(7). The statistic x,(7) depends on the variance, o, so we must substitute it

with a consistent estimate. We discuss various estimators for ¢ in Appendix B.1.

4. NON-PARAMETRIC TWO-SAMPLE TESTS

In many sequential experiments it is common to test two treatments simulta-
neously. We may then be interested in conducting inference on the difference
between some regular functionals of the two treatments. A salient example of this
is inference on the expected treatment effect.

To make matters precise, let a € {0,1} denote the two treatments, with P(@
being the corresponding outcome distribution. Suppose that at each period, the
experimenter samples treatment 1 at some fixed proportion 7. It is without loss of
generality to suppose that the outcomes from the two treatments are independent
as we can only ever observe the effect of a single treatment. We are interested
in conducting inference on the difference, p(PW) — p(P©), where pu(-) is some
regular functional of the data distribution. As before, we take p to be scalar.

Let Pél),Péo) denote some reference probability distributions on the bound-
ary of the null hypothesis so that ,u(Po(l)) — ,u(PéO)) = 0. Following Van der
Vaart (2000, Section 25.6), we consider the power of tests against smooth one-

dimensional sub-models of the form {(P(l) pl

s,h17 * s,ho

) 15 < 77} for some n > 0, where
hq(+) is a measurable function satisfying

2

dPY%) —\JdP” 1
/ m \/T_ ha\/@ dv — 0 as s — 0. (4.1)
S

2
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As before, the set of all possible h, satisfying [ h,dP\® = 0 and [ h2dP\" < oo
forms a tangent space T(P\®). This is a subset of the Hilbert space L2(P{"),
endowed with the inner product (f, g), = Ep [fg] and norm ||f], = =Epw [f]12.
Let 9, € T(PO ) denote the efficient influence function satisfying

u(P9) ) — u(PL)
S

— (Ya; ha), = 0(s) (4.2)

for any h, € T(P\™). Denote 02 = E @ [¥2]. The sufficient statistic here is the
0

differenced efficient influence function process

1 1 lomt] 1 [n(1—m)t]
xn(t) = (W\/_ Z ¢1 - m Z ¢0( )) ) (4-3)

o =1

2 2
where 02 := (071 + l%r) Note that the number of observations from each treat-
ment at time ¢ is |nnt|, [n(1 —7)t]. The assumptions below are analogous to

Assumption 3:

Assumption 4. (i) The sub-models {Ps(flh)a; h, € T(Péa))} satisfy (4.1). Further-
more, they admit an efficient influence function, 1., such that (4.2) holds.
(7i) The stopping time 7 is a continuous function of z,(-) in the sense that 7 =

T(z,(+)), where 7(-) satisfies the conditions for an extended continuous mapping

theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1).
Set f1g := pu(P@). A test, ,, of Hy: ju; — pg = 0 is asymptotically level-a if
sup limsup [ ¢ dPrpn < o (4.4)
{h:(wr b1}y —(o,ho)g=0} ™
Similarly, a test, ¢,, of Hy : pu1 — po = 0 vs Hy @ 1 — po # 0 is asymptotically
unbiased if
sup limsup [ ¢,dP,rp < o, and
{hi<¢1,h1>1*<¢0,h0>0=0} "

inf lim inf/gondPnTJl > . (4.5)
{R:(1h1),—(wo.ho)o#0} T

Consider the limit experiment where one observes z(-) ~ o= (uy — po) - +W (")
and a F;, = o{xz(s);s < t} adapted stopping time 7 that is the weak limit of
7. Then, setting pu := p1 — po, define the power functions 5*()75*() as in the
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previous section. The following results provide upper bounds on asymptotically

level-a and asymptotically unbiased tests.

Proposition 5. Suppose Assumption 4 holds. Let (3, (h) the power of some asymp-
totically level-a test, @, of Hy : 1 — po = 0 against local alternatives Pg}\/ﬁ B X
Pd((?/)\/ﬁ,ho' Then, for every h € T(Pél))XT(PéO)) and p := 61 (Y1, h1); =00 (Yo, ho)»
limsup,,_,, Bu(h) < B (1).

Proposition 6. Suppose Assumption 4 holds and there exists a best unbiased test
©* in the limit experiment. Let 5,(h) the power of some asymptotically unbiased
test, on, of Hy : pii—po = 0 vs Hy : iy — o # 0 against local alternatives Pd(ll/)\/ﬁ,hl X
Pa(oo/)\/ﬁ,ho' Then, for every h € T(Po(l))xT(PéO)) and p == 01 (Y1, h1);—do (Yo, ho)y,

lim sup,, ., Bn(h) < B* (1).

We prove Proposition 5 in Appendix A. The proof of Proposition 6 is similar
and therefore omitted. Both Propositions 5 and 6 can be extended to a-spending

constraints. We omit the formal statements for brevity.

5. OPTIMAL TESTS IN BATCHED EXPERIMENTS

We now analyze sequential experiments with multiple treatments and where the
sampling rule, i.e., the number of units allocated to each treatment, also changes
over the course of the experiment. Since our results here draw on Hirano and
Porter (2023), we restrict attention to batched experiments, where the sampling
strategy is only allowed to be changed at some fixed, discrete set of times.

Suppose there are K treatments under consideration. We take K = 2 to simplify
the notation, but all our results extend to any fixed K. The outcomes, Y(® under
treatment a € {0, 1} are distributed according to some parametric model {Pe(fg}.
Here 0@ € R? is some unknown parameter vector; we assume for simplicity that
the dimension of 81, 0 is the same, but none of our results actually require
this. It is without loss of generality to suppose that the outcomes from each
treatment are independent conditional on 8, () as we only ever observe one of
the two potential outcomes for any given observation. In the batch setting, the DM
divides the observations into batches of size n, and registers a sampling rule {ﬁj(»a)} j

that prescribes the fraction of observations allocated to treatment a in batch j
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based on information from the previous batches 1,...,5 — 1. The experiment

ends after J batches. It is possible to set 7r(~a)

= 0 for some or all treatments
(e.g., the experiment may be stopped early); we only require Y, 7T(~a) < 1 for each
7. We develop asymptotic representation theorems for tests of Hy : § = Oy vs
Hy : 0 € O, where 0 := (60,00). Let (8,6 € ©y denote some reference
parameter in the null set.

Take éj(-a) to be the proportion of observations allocated to treatment a up-to

(a)

batch j, as a fraction of n. Let Y;™ denote the j-th observation of treatment a in

the experiment. Any candidate test, d(-), is required to be

o { <}/1(0)7 e aY(O()O)> ) <}/1(1)7 e 7Y(1()1)>}
ng; ng;y

measurable. As in the previous sections, we measure the performance of tests
against local perturbations of the form {Héa) + ha//1; by € R4}, Let v denote a
dominating measure for {P\" : 0 € R%, a € {0,1}}, and set p{” := dP\" /dv. We
require {Pg(a)} to be quadratically mean differentiable (qmd):

Assumption 5. The class {P\”) : 0 € R%} is qmd around 65 for each a € {0,1},

i.e., there exists a score function 1,(-) such that for each h, € R?,

[\/p6<a>+h \/pe(a) wa pa(a

Furthermore, the information matriz I, := Eol1paT] is invertible for a € {0, 1}.

2

= o(|ha|*).

Define z](an) (7;) as the standardized score process from each batch, where

. ] 1/2 [nt]
2t : L LY,

for each t € [0,1]. Let Y ) denote the i-th outcome observation from arm a in
batch j. At each batch j, one can imagine that there is a potential set of outcomes,
{y] ,y] '} with y(a) =Y, ~(‘-l ", that could be sampled from both arms, but
only a sub-collection, {Yz(J), 1=1,. nﬁ§a)}, of these are actually sampled. Let

h := (hi, ho), take P, j, to be the joint probability measure over

1 0 1 0
My oy v
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when each YZ(Ja) ~ Pa((;” b and take E, p[-] to be its corresponding expectation.
Then, by a standard functional central limit theorem,

AV Lo 2(t); 2() ~ W), (5.1)

jTL Pn,O

where {I/Vj(a) }j.a are independent d-dimensional Brownian motions.

5.1. Asymptotic representation theorem. Consider a limit experiment where
h := (hy, hy) is unknown, and for each batch j, one observes the stopped process

zj(a) (Wj(“)), where
AV(t) = I2hat + W (8), (5.2)

and {VVj(a);j =1,...,J;a = 0,1} are independent Brownian motions. Each 7T§a)

is required to satisfy >, 7rj(-a) < 1 and also to be

1 0 1 0
{(Z£ )7Z£ )7U )7 . ( J( )1’2]( )1,Uj_1)}

measurable, where U; ~ Uniform|0, 1] is exogenous to all the past values {z](fl), Up:j' <j }
Let ¢ denote a test statistic for Hy : h = 0 that depends only on: (i) g, = >; 7Tj(-a),
i.e., the number of times each arm was pulled; and (ii) 7, = 3, zj(a)(wj(a)), i.e., the
sum of outcomes from each arm. Let P, denote the joint probability measure over
{z (a)( );a € {0,1},7 € {1,...,J}} when each zj(-a)(-) is distributed as in (5.2), and
take Ep[] to be its corresponding expectation.
The following theorem shows that the power function of any test ¢,, in the orig-

inal testing problem can be matched by one such test, ¢, in the limit experiment.

Theorem 3. Suppose Assumption 5 holds. Let @, be some test function in the
original batched experiment, and [,(h), its power against P, p. Then, for every
sequence {n;}, there is a further sub-sequence {n; } such that:

(i) (Hirano and Porter, 2023) There exists a batched policy function m = {Wj(-a)}j

and processes {zj(-a)(-)}m defined on the limit experiment for which

~(1) ~(0 1) /(1 0 0 ~(1) (0 1 0) /~(0
(s e A G I G b ) IO € A C VA G ) )
1 1 0 1 1 0
oo (A @), V@) (75 A ), )
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(ii) There exists a test @ in the limit experiment depending only on qi, qo, T1, Xg
such that B,, (h) — B(h) for every h € R? x R, where B(h) := Eyy] is the

power of ¢ in the limit experiment.

The first part of Theorem 3 is due to Hirano and Porter (2023); we only mod-
ify the terminology slightly. Note that the results of Hirano and Porter (2023)
already imply that any ¢,, can be asymptotically matched by a test ¢ in the limit
experiment that is o {(zl 200y, (z&l) 25, U J)} measurable. The novel re-
sult here is the second part of Theorem 3, which shows that a further dimension
reduction is possible. A naive application of Hirano and Porter (2023) would re-
quire sufficient statistics that grow linearly with the number of batches, leading
to a vector of dimension 2dJ + 1 (the uniform random variables Uy, ..., U; can
be subsumed into a single U ~ Uniform|0, 1]). Here, we show that one only need
condition on ¢, qo, =1, Tg, which are of a fixed dimension 2d + 2 (or 2d + 1 if we

impose ¢ 4 ¢(® = J). This is a substantial reduction in dimension.

5.1.1. An alternative representation of the limit experiment. From the distribution

of 2\

+7(+) given in (5.2), it is easy to verify that

Z](-a) (Wj(a)) ~ [;/Qhaﬂj(-a) + Wj(a)(ﬂj(-a)).

Combined with the definition ¢, = 3, 7T](~a) and the fact {Wj(a); j=1,....,J;a =

0,1} are independent Brownian motions, we obtain
Z ANy~ 12 hoge + Walga), (5.3)

where Wi (-).Wy(-) are standard d-dimensional Brownian motions that are again
independent of each other. In view of the above, we can alternatively think of the
limit experiment as observing {q,}, along with {z,},, with the latter distributed
as in (5.3). The advantage of this formulation is that it is independent of the
number of batches. It therefore provides suggestive evidence that the asymptotic
representation in Theorem 3 would remain valid under continuous experimentation

(however, our proof only applies to a finite number of batches).
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5.2. Characterization of optimal tests in the limit experiment. It is gener-
ally unrealistic in batched sequential experiments for the sampling rule to depend
on fewer statistics than qi, qo, 1, 1o. Consequently, we do not have sharp results
for testing linear combinations as in Proposition 1. We do, however, have ana-

logues to the other results in Section 2.3.

5.2.1. Power envelope. Consider testing Hy : h = 0 vs Hy : h = hy in the limit
experiment. By the Neyman-Pearson lemma, and the Girsanov theorem applied

on (5.3), the optimal test is given by

oh = ]1{ T (h; V2, — q;hg[aha> > %1} , (5.4)
ae{0,1}

where 7y, is chosen such that Eo[y} | = a. Take 3*(h) to be the power function
of v against H; : h = h;. Theorem 3 shows that 3*(-) is an asymptotic power

envelope for any test of Hy : § = 0 in the original experiment.

5.2.2. Unbiased tests. Suppose ¢(q1,qo, T1,%o) is an unbiased test of Hy : h = 0
vs Hy : h # 0 in the limit experiment. Then, in analogy with Proposition 2, it
needs to satisfy the following property:

Proposition 7. Any unbiased test of Hy : h = 0 vs Hy : h # 0 in the limit

experiment must satisfy Bolrap(q1, o0, 1, T0)] = 0 where x, ~ Wo(q,) under Py.

5.2.3. Weighted average power. Let w(-) denote a weight function over alternatives
h # 0. Then, the uniquely optimal test of Hy : h = 0 that maximizes weighted

average power over w(-) is given by

o =1 {/eXp { 3 (h;[;/%a _ q“h;[aha) } dw(h) > ’y} .
ae{0,1} 2

The value of v is chosen to satisfy Eq[p%] = . In practice, it can be computed

by simulation.

5.3. Non-parametric tests. For the non-parametric setting, we make use of
the same notation as in Section 4. We are interested in conducting inference on
some regular vector of functionals, (M(P(l)), ,u(P(O))>, of the outcome distributions

PO PO for the two treatments. To simplify matters, we take j, := p(P®) to be
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scalar. The definition of asymptotically level-a and unbiased tests is unchanged
from (4.4) and (4.5).
Let v,, 0, be defined as in Section 4. Set

[nt]

j,n = Ua\/—Zl/Ja 7

and take s,(-) = {zn1(), Tn0(*), ¢1(+), gno(:)} to be the vector of state variables,
where

k
Tn.a(k :Zzn? ]( ), and gn.q(k :ZAJ(.

Jj=1

Assumption 6. (i) The sub-models {Ps(‘z)a ha € T(PS)} satisfy (4.1). Further-
more, they admit an efficient influence function, 1., such that (4.2) holds.

(i) The sampling rule ;41 in batch j is a continuous function of s,(j) in the
sense that i1 = mj41(5,(4)), where wj41 () satisfies the conditions for an extended

continuous mapping theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1)
for each j =0,..., K —1.

Assumption 6(i) is standard. Assumption 6(ii) implies that the sampling rule
depends on a vector of four state variables. This is in contrast to the single suffi-
cient statistic used in Section 4. We impose Assumption 6(ii) as it is more realistic;
many commonly used algorithms, e.g., Thompson sampling, depend on all four
statistics. The assumption still imposes a dimension reduction as it requires the
sampling rule to be independent of the data conditional on knowing s,,(-). In prac-
tice, any Bayes or minimax optimal algorithm would only depend on s,,(-) anyway,
as noted in Adusumilli (2021). In fact, we are not aware of any commonly used
algorithm that requires more statistics beyond these four.

The reliance of the sampling rule on the vector s,(-) implies that the optimal
test should also depend on the full vector, and cannot be reduced further. The

relevant limit experiment is the one described in Section 5.1.1, with pu, replacing

hq. Also, let
Ha Qo
P i1 pio :H{ Z (Ul’a 2% 2#3) > ’Vﬁl,ﬁo}

ac{0,1}
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denote the Neyman-Pearson test of Hy : (1, o) = (0,0) vs Hy = (p1, po) = (i1, flo)
in the limit experiment, with 74, 5, determined by the size requirement. Take

B(ji1, i) to be its corresponding power.

Proposition 8. Suppose Assumption 6 holds. Let (,(h) the power of some
asymptotically level-a test, ¢,, of Hy : (u1, o) = (0,0) against local alternatives
Pé(ll/)\/ﬁﬁ1 X Pé(f/)\/ﬁ,ho' Then, for every h € T(Po(l)) X T(Péo)) and pig := 64 (Va, ha),
fOT ac {07 1}7 lim SUPp 00 BTL(h) < 5* (:ulnuo)'

Proposition 8 describes the power envelope for testing that the parameter vector
takes on a given value. Suppose, however, that one is only interested in providing
inference for single component of that vector, say p;. Then pg is a nuisance
parameter under the null, and one would need to employ the usual strategies for
getting rid of the dependence on g, e.g., through conditional inference or minimax

tests. We leave the discussion of these possibilities for future research.

6. APPLICATIONS

6.1. Horizontal boundary designs. As a first illustration of our methods, con-
sider the class of horizontal boundary designs with a fixed sampling rule, 7, and
the stopping time 7 = inf {¢ : |z, (t)| > v}, where x,,(t) is defined as in (4.3). As a
concrete example, suppose ji1, fip denote the mean values of outcomes from each
treatment, with o1, oy their corresponding standard deviations. If the goal of the
experiment is to determine the treatment with the largest mean while minimizing
the number of samples, which are costly, then, as shown in Adusumilli (2022), the
minimax optimal sampling strategy is the Neyman allocation 77 = o1/(071 + 09),
and optimal stopping rule is 7 = inf {¢ : |x,(t)| > v} with the efficient influence
functions 1 (Y) = ¢(Y) =Y.

We are interested in testing the null of no treatment effect, Hy : pi; — o = 0 vs
Hy :pp —po # 0. Let F,(-) denote the distribution of 7 in the limit experiment
where z(t) ~ o lut + W(t) and 7 = inf{t : |z(t)| > ~v}. In Adusumilli (2022),
this author suggested employing the test function ¢ = I{# < Fy'(a)}. This

corresponds to the test ¢* = I{r < F;, '(a)} in the limit experiment. However, no
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argument was given as to its optimality. The following result, proved in Appendix

B.2, shows that ¢ is in fact the UMP asymptotically unbiased test.

Lemma 1. Consider the sequential experiment described above with a fixed sam-
pling rule ™ and stopping time 7 = inf{t: |z, (t)| > v}. The test, ¢ = {7 <
Fy ()}, is the UMP asymptotically unbiased test (in the sense that it attains the
upper bound in Proposition 3) of Hy : 1 = po vs Hy @ g # po in this experiment.

6.1.1. Numerical Illustration. To illustrate the finite sample performance of this
test, we ran Monte-Carlo simulations with Yi(l) =0+ egl) and Y;(O) = % where

(2

egl),ego) ~ /3 x Uniform[—1,1]. The threshold, v, was taken to be 0.536 (this
corresponds to a sampling cost of ¢ = 1 for each observation in the costly sampling
framework), and the treatments were sampled in equal proportions (7 = 1/2).
Figure 6.1, Panel A plots the size of the test for different values of n under the
nominal 5% significance level. Even for relatively small values of n, the size is close
to nominal. We also plot the size of the standard two-sample test for comparison;
due to the adaptive stopping rule, this test is not valid and its actual size is close to
9%. Panel B of the same figure plots the finite sample power functions for ¢ under
different n. The power is computed against local alternatives; the reward gap in
the figure is the scaled one, p = y/n|d|. But for any given n, the actual difference
in mean outcomes is 1/y/n. The same plot also displays the asymptotic power
envelope for unbiased tests, obtained as the power function of the best unbiased

test, ¢* = I{7 < F; ' ()}, in the limit experiment. Even for small samples, the

power function of ¢ is close to the asymptotic upper bound.

6.2. Group sequential experiments. In this application, we suggest methods
for inference on treatment effects following group sequential experiments. To sim-
plify matters, suppose that the researchers assign the two treatments with equal
probability in each stage. Let pq, p1o denote the expectation of outcomes from the
two treatments. Also, take x,(-) to be the scaled difference in sample means, i.e.,
it is the quantity defined in (4.3) with ¢;(Y) = ¢o(Y) = Y. While there are
a number of different group sequential designs, see, e.g., Wassmer and Brannath
(2016) for a textbook overview, the general construction is that the experiment is

terminated at the end of stage ¢ if x,,(¢) is outside some interval Z;. The stopping
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Note: Panel A plots the size of ¢ along with that of the standard two-sample test at the nominal 5%
level (solid blue line) when the errors are drawn from a v/3 x Uniform[—1, 1] distribution for each
treatment. Panel B plots the finite sample power envelopes of ¢ under different n, along with
asymptotic power envelope for unbiased tests. The scaled treatment effect is defined as u = \/nld|.

FIGURE 6.1. Finite sample performance of ¢ under horizontal
boundary designs

time 7 thus satisfies {# > ¢t — 1} = NI_} {x,(I) € Z;}. The intervals {Z;}L , are
pre-determined and chosen by balancing various ethical, cost and power criteria.
We take them as given.

We are interested in testing the drifting hypotheses Hy : pq — po = ji/+/n vs
Hy @y — po > ji/+/n at some spending level a that is chosen by experimenter.’
We can then invert these tests to obtain one-sided confidence intervals for the
treatment effect py — pp. The limit experiment in this setting consists of observing
x(t) ~ o tut + W(t), where p := p; — po, along with a discrete stopping time
Te{l,...,T} such that {7 >t—1}ifand only if z({) € Z; for all [ = 1,...,t — 1.
Let P,(-) denote the induced probability measure over the sample paths of x(-)
between 0 and 7', and E,[-] its corresponding expectation. In view of the results
in Section 2.4, the optimal level-a test ¢*(-) of Hy : = jpvs Hy : p > fi in the
limit experiment is given by

1 if Pa(r=1) < oy

@ (r,2(7)) = (6.1)
I{z(t) > ~v(t)} i Pu(r=1t) >y,

n most examples of group sequential designs, the intervals Z; are themselves chosen to maximize
power under some a-spending criterion, given the null of u; = po. In general, our o here may
be different from @&. Furthermore, we are interested in conducting inference on general null
hypotheses of the form Hy : 1 — po = fi/+/n; these are different from the null hypothesis of no
average treatment effect used to motivate the group sequential design.
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where 7(t) is chosen such that E;[¢*(7, 2(7))|T = t] = o /Pa(T = 1).

A finite sample version, ¢, of this test can be constructed by replacing 7, z(7)
in ¢* with 7, 2,(7). The resulting test would be asymptotically optimal under
a suitable non-parametric version of the a-spending requirement. We refer to
Appendix B.3 for the details and for the proof that ¢ is asymptotically optimal,
in the sense that it attains the power of ¢* in the limit experiment. A two-sided
test for Hy : 1 —po = ji/v/n vs Hy : g — pig # f1/+/n can be similarly constructed

by imposing a conditional unbiasedness restriction as in Section 2.4.3.

6.2.1. Numerical Illustration. To illustrate the methodology, consider a group se-
quential trial based on the widely-used design of O’Brien and Fleming (1979),
with 7" = 2 stages. This corresponds to setting Z; = [—2.797,2.797]. We would
like to test Hy : pn — po = i//n vs Hy : pp — po > fi/+/n at the spending
level (a/Ps(1 = 1),a/Ps(7 = 2)), equivalent to a conditional size constraint,
Pi(¢ = 1|7 = t) = a V t. Figure 6.2 Panel A plots the thresholds, (y(1),v(2)),
for this test under a = 0.05 and 0; = 0y = 1. Unsurprisingly, the thresholds are
increasing in i1 , but it is interesting to observe that they cross at some f.

To describe the finite sample performance of this test, we ran Monte-Carlo
simulations with Y, = a//n + e and V,” = €9 where €V, e” ~ /3 x
Uniform[—1,1]. The treatments were sampled in equal proportions (7 = 1/2).
Since 01,0y are unknown in practice, we estimate them using data from the first
stage. Figure 6.2, Panel B plots the overall size of the test (which is the sum
of the a-spending values at each stage) for different values of n and g under the
nominal a-spending level of (0.05/P;(7 = 1),0.05/P;z(7 = 2)). We see that the
asymptotic approximation worsens for larger values of i, but overall, the size is

close to nominal even for relatively small values of n.

6.3. Bandit experiments. Here, we describe inferential procedures for the batched
Thompson-sampling algorithm. For illustration, we employ K = 2 treatments
and J = 10 batches. Let (ji1, jio) and (0%, 02) denote the population means and
variances for each treatment. For simplicity, we take 0% = 02 = 1. The limit ex-
periment can be described as follows: Suppose the decision maker (DM) employs

the sampling rule 7rj(-a) in batch 7. The DM then observes Zj(a) ~ N (figTa, 74) for
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Thresholds (y)

< First stage
~o- Second stage

00 255 5.0 75 10.0 00 255 5.0 75 10.0

Null value (1) Null value (i)
A: Critical values B: Finite sample size

Note: Panel A plots the threshold values in each stage for the optimal, one-sided, level-a test, (6.1), at
the (0.05/Pz (7 = 1),0.05/Ps (7 = 2)) spending level. Panel B plots the overall type-I error in finite
samples for different values of n and null values, pi, when the errors are drawn from a

v/3 x Uniform[—1, 1] distribution for each treatment.

FIGURE 6.2. Testing in group sequential experiments
a € {0,1} and updates the state variables z,,q, (which are initially set to 0) as
To < Ta+ 2, Qo 4 qu+ o

Under an under-smoothed prior, suggested by Wager and Xu (2021), the Thomp-

son sampling rule in batch 7 + 1 is

—1 -1
1 q1 T1— 4y To
B () .

\/j/Q1QO

We set ﬂa) = 1/2 for first batch. In what follows, we let p, := Jpu,. We are
interested in testing Hy : (u1, o) = (0,0).

Figure 6.3, Panel A plots the asymptotic power envelope for testing H :
(1, p2) = (0,0). Clearly, the envelope is not symmetric; distinguishing (a,0)
from (0,0) is easier than distinguishing (—a,0) from (0,0) for any @ > 0. This
is because of the asymmetry in treatment allocation under Thompson sampling;
under (—a,0), treatment 1 is sampled more often than treatment 0 but the data

from treatment 1 is uninformative for distinguishing (—a,0) from (0, 0).

6.3.1. Numerical illustration. To determine the accuracy of our asymptotic ap-
proximations, we ran Monte-Carlo simulations with Yi(a) = ua—i-q(a) where 62(-1), 62(0) ~
v/3 x Uniform[—1,1]. Figure 6.4, Panel A plots the finite sample performance of

the Neyman-Pearson tests in the limit experiment for testing Hy : (11, o) = (0, 0)
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Note: The figure plots the asymptotic power envelope for any test of Ho : (i, u) = (0,0) against
different values (p1, pto) under the alternative.

FIGURE 6.3. Power envelope for Thompson-sampling with 10 batches

vs Hy @ (p1, po) = (i, pt) under various values of 1 (due to symmetry, we only re-
port the results for positive p). Panel B repeats the same calculation, but against
alternatives of the form H; : (1, 0). As noted earlier, power is higher here for > 0
as opposed to 1 < 0. Both plots show that the asymptotic approximation is quite
accurate even for n as small as 20 (note that the number of batches is 10, so this
corresponds to 200 observations overall). The approximation is somewhat worse
for testing pu < 0; this is because Thompson-sampling allocates much fewer units
to treatment 0 in this instance, even though it is only data from this treatment

that is informative for distinguishing the two hypotheses.

7. CONCLUSION

Conducting inference after sequential experiments is a challenging task. How-
ever, significant progress can be made by analyzing the optimal inference problem
under an appropriate limit experiment. We showed that the data from any se-
quential experiment can be condensed into a finite number of sufficient statistics,
while still maintaining the power of tests. Furthermore, we were able to estab-
lish uniquely optimal tests under reasonable constraints such as unbiasedness and

a-spending, in both parametric and non-parametric regimes. Taken together,
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Note: Panel A plots the finite sample power of Neyman-Pearson tests at the nominal 5% level (solid
blue line) for testing Ho : (p1, o) = (0,0) against Hy : (1, o) = (i, 1) when the errors are drawn
from a /3 x Uniform[—1, 1] distribution for each treatment. Panel B repeats the same calculation for
alternatives of the form Hi : (w1, po) = (i, 0). Both panels also display the asymptotic power envelope.

FIGURE 6.4. Finite sample performance of Neyman-Pearson tests
in bandit experiments

these findings offer a comprehensive framework for conducting optimal inference
following sequential experiments.

Despite these results, there are still several avenues for future research. While we
believe that our results for experiments with adaptive sampling rules apply without
batching, this needs be formally verified. Our characterization of uniquely optimal
tests is also limited in this context, as a-spending restrictions are not feasible.
Therefore, exploring other types of testing considerations such as invariance or
conditional inference may be worthwhile. We believe that the techniques developed

in this paper will prove useful for analyzing these other types of tests.
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APPENDIX A. PROOFS

A.1. Proof of Theorem 1. To prove the first claim, observe that both 7 and
x,(7) are tight under P,ro: the former by Assumption 2, and the latter by the
fact max;<7 x,(t) is tight (by the continuous mapping theorem it converges to the
tight limit max, x(¢) under P,7). Hence, the joint (7, z,(7)) is a also tight, and
by Prohorov’s theorem, converges in distribution under sub-sequences. The first
part of the theorem then follows from Le Cam (1979, Theorem 1).

To prove the second claim, denote y,; = (Y7,...,Y,). Defining

APy ] dpy +h/n
In bR (g ) = §7 I RV ey
Py ) ; dpsy, )

we have by the SLAN property, (2.3), and Assumption 1(i) that

dPnﬂh

1
" dPnf',O

(Ynr) = W12, (7) =

N |

hTIh + op,;.,(1).
Combining the above with the first part of the theorem gives

In

dPnf'
Tp o (Yur) 5 WL () = ShTh, (A1)

where z(-) has the same distribution as d-dimensional Brownian motion.

Now, ¢, is tight since ¢,, € [0,1]. Together with (A.1), this implies the joint

((pn,ln ;U;"f”; (y,ﬁ)) is also tight. Hence, by Prohorov’s theorem, given any se-

quence {n;}, there exists a further sub-sequence {n;, } - represented as {n} with-

out loss of generality - such that

P o SN ; V~exp {thl/Qx(T) - ThT]h} ., (A2)
dl)nf'.,h ( n%) PnT,O V 2
n7,0

where ¢ € [0,1]. It is a well known property of Brownian motion that M (t) :=
exp {thl/2x(t) — %thh} is a martingale with respect to the filtration F;. Since
7 is an JF-adapted stopping time, the optional stopping theorem then implies
ElV]=FE[M(1)] = E[M(0)] = 1.

We now claim that

¢n —— L; where L(B) := E[I{¢ € B}V]V B € B(R). (A.3)

PnT,h
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It is clear from V' > 0 and E[V] = 1 that L(-) is a probability measure, and that
for every measurable function f : R — R, [ fdL = E[f(¢)V]. Furthermore, for

any f(-) lower-semicontinuous and non-negative,

P
Iminf E,r[f(pn)] > liminf E, 7 lf(gpn)d nT’hl

dPnT,O

AP,
= liminf B,z lf (¢n) y P”T’h
n7,0

> E[f(@)V],

where the equality follows from the law of iterated expectations since ¢, is a
function only of y,+ and dP,:,/dP,; ¢ is a martingale under P,ro; and the last
inequality follows from applying the portmanteau lemma on (A.2). Finally, ap-
plying the portmanteau lemma again, in the converse direction, gives (A.3).

Since ¢, is bounded, (A.3) implies

. . — RTIV2%(1)—ZhT
lim (,(h) := nh_)rrolo E.rpon] = E {gpeh Foa(r)=3h Ih} ) (A.4)

n—oo

Define (7, (7)) := E[p|1,z(7)]; this is a test statistic since ¢ € [0,1]. The right
hand side of (A.4) then becomes

B [p(r,a(r)) e =0~ 5718].

But by the Girsanov theorem, this is just the expectation, Ej[p(7,2(7))], of
o(7,2(7)) when z(t) is distributed as a Gaussian process with drift I'/?h, i.e.,

when z(t) ~ IY2ht + W (2).

A.2. Proof of Proposition 1. We start by proving the first claim. Denote
Hy = {h : ah = 0} and Hy = {h : a"h = ¢}. Let P, denote the induced
probability measure over the sample paths generated by z(t) ~ I'Y2ht + W(t)
between t € [0,T]. As before, F; denotes the filtration generated by {U, z(s) : s <
t}. Given any hy € Hy, define hg = hy — (aThy/aI 'a)I'a. Note that aTh; = ¢

and hg € Hy. Let In Zﬁ:l (F:) denote the likelihood ratio between the probabilities
0

induced by the parameters hq, hg over the filtration F;. By the Girsanov theorem,

dP
In Sk (F ) — (h{[l/%(f) - Th{Im) - (hgll/%(r) - Thglho)
dPp, > 2
1 c?
= gcx(T) ~ 53T

36



where #(t) := o~ 'aTI~'/2z(t). Hence, an application of the Neyman-Pearson

lemma shows that the UMP test of H| : h = hy vs H{ : h = hy is given by
2
* — :]I ~ - >
Pe {cx(ﬂ 5T 2 7} ,
where v is chosen by the size requirement. Now, for any hy € Hy,
i(t) = o ta I YV22(t) ~ W(2).

Hence, the distribution of the sample paths of Z(-) is independent of hy under the
null. Combined with the assumption that 7 is Fy-adapted, this implies ©: does
not depend on hy and, by extension, h;, except through c. Since hy € H; was
arbitrary, we are led to conclude ¢ is UMP more generally for testing Hy : aTh = 0
vs Hy :a™h = c.

The second claim is an easy consequence of the first claim and Theorem 1.

A.3. Proof of Proposition 2. By the Girsanov theorem,
B(h) = Bulig] = o [(r, a(r))e!" #1510

It can be verified from the above that $(h) is differentiable around A = 0. But
unbiasedness requires E,[¢] > a for all h and Ey[¢] = a. This is only possible if

5/(0) =0, i.e., Eo[x(T)QO(T,JJ(T))] = 0.

A.4. Proof of Theorem 2. Since 7 is bounded, it follows by similar arguments

dPn+ n
dPp+ o

as in the proof of Theorem 1 that (g@n, 7,1n (ynf)) is tight. Consequently, by
Prohorov’s theorem, given any sequence {n;}, there exists a further sub-sequence

{n;..} - represented as {n} without loss of generality - such that

Pn ¢

£ sl 7| V~exp {hTfl/2x(T) — ThTfh} . (AD)
P PnT,O 2
i () v

It then follows as in the proof of Theorem 1 that

4y L where L(B) = E[I{(3,7) € B}V]V B € B(R?).  (A.6)

& Puron
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The above in turn implies

Tim Eyrp [@nl{7 = t}] = B [@l{r = t}e"*#O=31] - and (A7)
lim By [I{7 = t}] = B [I{r =t} e=5hTA] (A.8)

for every t € {1,2,...,T}.
Denote ¢(7,2(7)) = E[p|r, z(7)]; this is a level-ax test, as can be verified by
setting h = 0 in (A.7). The right hand side of (A.7) then becomes

E [g(r, a(r))I{r = t}e" ! *==5H ]

An application of the Girsanov theorem then shows that the right hand sides of
(A.7) and (A.8) are just the expectations, Ej,[p(7, z(7))I{T = t}] and E,[I{T = t}]
when x(t) ~ I'/2ht + W (t). What is more, the measures Py(-), P;,(-) are absolutely
continuous, so Py(7 = t) = 0 if and only if P,(7 = t) = 0 for any h € R%. We are
thus led to conclude that

hm Bn(hu) nﬁoo E W h [H{T = t}] B Ex []I{T - t}]

B(hlt)

for every h € R4, and t € {1,2,...,T} satisfying Po(7 = t) # 0. This proves the

desired claim.

A.5. Proof of Proposition 3. Fix some arbitrary ¢g; € T(F). To simplify
matters, we set 6 = 1. The case of general § can be handled by simply replac-
ing ¢g; with ¢;/d. By standard results for Hilbert spaces, we can write ¢; =

o~ (1, 9) (¥/0) + g1, where g1 L (¢/0) . Define g := (¢/0, g1/ ||7:1)", and con-
sider sub-models of the form P, s e, for h € R?. By (3.2),

lntl  4p. . hT [nt]
Zl lc/i\fch 2(Y;) Z g(Y; ——hTh+0pnT0(1), uniformly over ¢. (A.9)
0
Comparing with (2.3), we observe that {Pl /vnnhtg i h € RQ} is equivalent to a
parametric model with score g(-) and local parameter h (note that Ep, [ggT] = I).
Let G, (t) := n~Y/23", g(V;) denote the score process. By the functional central
limit theorem, G, (t) P—> G(t) = (z(t),G(t)), where z(-),G(-) are independent
nT,0

one-dimensional Brownian motions. Take G, := o{G(s) : s < t}, F; := o{z(s) :
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s < t} to be the filtrations generated by G(-) and z() respectively until time ¢.
Since the first component of G,,(+) is z,(-) and 7 = 7(z,(-)) by Assumption 3(ii),

the extended continuous mapping theorem implies
(Gn(%)u ’f-) — (G(T)a T)? (A]'O)

where 7 is a F;-adapted stopping time, and therefore, G;-adapted by extension.
Consider the limit experiment where one observes a F;-adapted stopping time
7 along with a diffusion process G(t) := ht + W (t), where W(-) is 2-dimensional
Brownian motion. Using (A.9) and (A.10), we can argue as in the proof of Theorem
1 to show that any test in the parametric model {Pl Jymhtg - R E RQ} can be
matched (along sub-sequences) by a test that depends only on G(7), 7 in the limit
experiment. Hence, 3, (h7g) = [¢,dP,rpry converges along sub-sequences to
the power function, S(h), of some test ¢(7, G(7)) in the limit experiment. Note
that by our definitions, (i, hTg) is simply the first component of h divided by o.
This in turn implies, as a consequence of the definition of asymptotically level-a
tests, that o(+) is level-a for testing Hy : (1,0)Th = 0 in the limit experiment.
Now, by a similar argument as in the proof of Proposition 1, along with the fact
(1,0)TG(t) = x(t), the optimal level-ar test of Hy : (1,0)Th =0 vs H; : (1,0)Th =

(1 /0 in the limit experiment is given by
G
3 (ratn) = 1{malr) - Hr 24},
For all h € Hy ={h:(1,0)Th = u;/0} satisfying the alternative hypothesis,
z(t) = (1,0)TG(t) ~ o Lyt + W(t),

where W () is 1-dimensional Brownian motion. As 7 is F;-adapted, the joint dis-
tribution of (7, z(7)) therefore depends only on p; for h € Hy. Consequently, the
power, Ep[p7 (7, 2(7))], of ¢}, (-) against such alternatives depends only on p;, and
is denoted by 5* (111). Since ¢, (+) is the optimal test and y; = (¢, h7g), we con-
clude g(h) < 5* ((, hTg)). This further implies lim sup,, B,(hTg) < 8* ({1, hTg))
for any h € R%  Setting h = ((¢,91) /o,]|31|])7 then gives limsup, 8,(g1) <
B* ({1, g1)). Since g1 € T(F,) was arbitrary, the claim follows.
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A.6. Proof of Proposition 5. For some arbitrary g = (g1,90) € T(P{") x
T(Péo)). To simplify matters, we set 6; = &g = 1. The case of general d can
be handled by simply replacing g, with g,/d,. In what follows, let m; = 7 and
7o = 1 — m. The vectors ygt) = (Yl(l), o 7Yn(72t) and yq(ft) = (Yl(o), e ,Yn(g())t)
denote the collection of outcomes from treatments 1 and 0 until time ¢, and we

set Y = (ygt), yg?). Define P, 4 as the joint probability measure over y,; when

cach Y, is an iid draw from Pl(“\)mga.

As in the proof of Proposition 3, we can write g, = 0, (¥a, 9a), (Va/0a) + Ga,
where g, L (¢a/0,). Define g, := (¥0/04,Ga/ ||7all,)’, and consider sub-models
of the form Py s nrg, X P1/ymnig, for hi ho € R2. By the SLAN property, (3.2),

and the fact that the treatments are independent,

dl nt (h.lrgl hggo) h-]l: [rmt] 1) 7T1t
ST nt) = ——= Y;"/)— —hih; + ...
N B Y= E 2 i) = ki

7 [nmot]
t
et 7?1 > gO(Yi(O)) — %hého + 0p,r,(1), uniformly over ¢. (A.11)
i=1

Let Gon(t) := n 25" g (Vi) for a € {0,1}. By a standard functional

central limit theorem,

Ganlt) =2 Ga(t) = (24(t), Galt)),

PnT,O

where z,(+)/\/Ta, Ga(+)/\/Ta are independent 1-dimensional Brownian motions.
Furthermore, since the treatments are independent of each other, G;(-), Go(-) are
independent Gaussian processes. Define o2 := (Z—f + ;—é),

1 o1 o))

o(t) =~ (Zaa(t) - 2zot))

O \T 0
and take G; = o{(G1(s),Go(s)) : s < t}, Fr = of{z(s) : s < t} to be the
filtrations generated by G(-) := (G1(+), Go(+)) and z(-) respectively until time t.
Using Assumption 3(ii), the extended continuous mapping theorem implies

(G1.0(#), Gon(#),7) == (G (7), Go(7), 7), (A.12)

nT,0

where 7 is a F;-adapted stopping time, and thereby G;-adapted, by extension.
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Consider the limit experiment where one observes a G;-adapted stopping time
7 along with diffusion processes Go(t) := moh.t + /T Wa(t), a € {0,1}, where
Wi(-), Wo(-) are independent 2-dimensional Brownian motions. By Lemma 2 in
Appendix B, any test in the parametric model {Pl/\/ﬁ,h{gl X Py ymntge - Py ho € ]R2}
can be matched (along sub-sequences) by a test that depends only on G(7), 7 in

the limit experiment. Hence,

ﬁn(h’.{gla thO) = /(pndPnT,(hlgl,hggo)

converges along sub-sequences to the power function, S(hi,hg), of some test
©(7,G(7)) in the limit experiment. Note that by our definitions, the first com-
ponent of h, is (¢4, hlg,), /o.. This in turn implies, as a consequence of the
definition of asymptotically level-a tests, that ¢(-) is level-a for testing Hy :
(61,0)Thy — (00,0)Thy = 0 in the limit experiment.

Now, by Lemma 3 in Appendix B, the optimal level-« test of Hy : (01,0)Thy —
(00,0)Thg =0 vs Hy : (01,0)Thy — (00,0)Thy = p in the limit experiment is

pu(rx(7)) =1 {/m:(T) - 557 > 7} .

For all h € H1 = {h : <0'1,0>Th1 - (O'(),O)Tho = ,u},

x(t) ~ o tut + i ( f(l,O)TI/Vl(t) — (jg(l,O)TWO(t))
~ o tut + W (t),

where W (-) is standard 1-dimensional Brownian motion. As 7 is Fi-adapted, it
follows that the joint distribution of (7, x(7)) depends only on u for h € H;.
Consequently, the power, Exn[py (7, 2(7))], of ¢ against the values in the alter-
native hypothesis H; depends only on y, and is denoted by 8* (). Since ¢y (-)
is the optimal test and p € R is arbitrary, S(hy, ho) < $*(n), which further im-
plies limsup,, B.(hlg:, higo) < B*(u) for any u € R and hy, hy € R? such that
(1, higr), — (Yo, higo)y = . Setting hy = (0, (Va; ga)y > 19all,)" for a € {0,1}
then gives limsup,, [ ©ndPur,(g1,90) < 5*(1t). Since (g1, g0) € T(Po(l)) X T(PO(O)) was

arbitrary, the claim follows.
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A.7. Proof of Theorem 3. As noted previously, the first claim is shown in
Hirano and Porter (2023). Consequently, we only focus on proving the second

claim. Let y%q denote the first ng observations from treatment a in batch j.

Define
AP, (a) &l . dpeé‘l)Jrha/\/ﬁ

In dP (yj,nq) = 1

(i),
i=1 dp90 7
By the SLAN property, which is a consequence of Assumption 3,

AP, » 7l

3@ _ (a) (a)
In dPno( - (a)) WL (7)) — JThIh + 0p, 4 (1). (A.13)

The above is true for all j, a.
Denote the observed set of outcomes by y = (y(l) (1),y( ) ROTERS yf]i o y(o) (0)>.

The likelihood ratio of the observations satisfies

dPnh dPnh a)
I p, W) =2 2 I p (Vi)

J a€{0,1}

 (a)
=y ¥ {hT[W D(aley — éh;[aha}, (A.14)

Jj a€{0,1}

where the second equality follows from (A.13). Combining the above with the first
part of the theorem, we find

(a)
dPn a j
In 75 ’;(y) N Z Z {hT]1/2 )(w§ )) — WJQh;Iaha} , (A.15)

P, -
™0 ae{0,1}

where z](-a) (t) is distributed as d-dimensional Brownian motion.

Note that ¢, is required to be measurable with respect to y,. Furthermore, ¢, is

tight since ¢,, € [0,1]. Together with (A.15), this implies the joint (gon, In 2 dP v (y))
is also tight. Hence, by Prohorov’s theorem, given any sequence {n;}, there exists

a further sub-sequence {n;,, } - represented as {n} without loss of generality - such

that

o d 7 @ 3 |4 hT]1/2 a)/_(a) 71-](,0‘) I h
1 AP, h (= Puo ) ~ . H H exp (ﬂ-j )_7 atalla ¢
n dPn,O (Y) ) V J=1,..., JaE{O,l}

(A.16)
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where ¢ € [0, 1]. Define

il

V" = exp {h;[;ﬂz](-a)(w(-a)) - JZhZIaha} ;

J J

so that V' =[T;=1. s [Tacto1 Vj(a). By the definition of z](a)(-) and 7r](-a) in the limit

(a)

experiment, we have that the Brownian motion z;"'(-) is independent of data from

the all past batches, and consequently, also independent of ﬂj(a). Hence, by the
martingale property of Mj(a) (t) :=exp {h;[c}/%](.“) () — %h;]aha},

a 1 0 1 0 1 0 1 0
BIVOJAD, 0,20 2@ L0 0 0 20y

for all j and a € {0,1}. This implies, by an iterative argument, that E[V] = 1.
Consequently, we can employ similar arguments as in the proof of Theorem 1 to

show that

A, Bu(R) = Jim, B [0

(a)
_ RIIM 2@ (N i prrop
— E gp H H e ala j j ) alalla
| j=1,..J a{0,1}

- RIIY 2 30— 9apTr h

=FE|p [ e''e vam2halahal (A.17)

ac{0,1}

where the last equality follows from the definition of x,, q,. Define

2 (q17q07x1’w0> = E[@Qh@lmﬁlazol

Then, the right hand side of (A.17) becomes

Trl/2, _aapT
E ¥ (qlv qo, T1, l’o) H ehala Ta=g halaha .
ae{0,1}

But by a repeated application of the Girsanov theorem, this is just the expectation,
En[p], of ¢ when each z](-a) (t) is distributed as a Gaussian process with drift I'/2h,,,
i.e., when z](-a) (t) ~ IY2h,t + I/Vj(a) (t), and {Wj(a)(-)}j,a are independent Brownian

motions.

A.8. Proof of Proposition 8. Denote the observed set of outcomes by y =

1) (0)

Y, A(O)). For some arbitrary g = (g1, go) € T(Po(l)) X
iy

(1) (0)
(yl,nﬂl)’yl,n*o)’ oY

7 J,nﬁgl) ’
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T(P0 ) As in the proof of Proposition 5, we can write g, = 0, (Va, 9a), (Va/00)+
Ga» where g, L (¢4/04). Define g, := (¥0/04, §a/ 19all,)T, and consider sub-models
of the form Py s nrg, X P1jymnig, for i, o € R2. Following similar rationales as
in the proofs of Propositions 3 and 5, we set §; = dy = 1 without loss of generality.

Let P, and P, o be defined as in Section 5.1, and set

|nt] [nt]
@y . L (a)
Z n : Zga ), and 2z, (t) == oo/ ;wa(y;,j ).
By similar arguments as that leading to (A.14), the likelihood ratio,
1o o) (o)
dP, o ’

of all observations, y, under the sub-model P/ s n1g, X Pr/ymnig, satisfies

dP, (n1g, o 7
R zz{ ) (70) - hTh}HPM,Om. (A.18)

Now, by iterative use of the functional central limit theorem and the extended

continuous mapping theorem (using Assumption 6),

h a " (@)
! — ! . ZY () ~ W), (A.19)
Z(G)(Aj(a)) P.r.0 Z](-a)(ﬂ'(-a))

J

where {W, ;},.; are independent 2-dimensional Brownian motions, and 7rj(-a) is mea-

surable with respect to o {zl(a) ()l <j— 1} since 7?](-@) is measurable with respect

toa{zln() 1<j— 1}

Consider the limit experiment where one observes q, = >; 7r§a) and x, =
> z](-a) (7T](-a)), where
A1) = pat + W), (A.20)

and 7; is measurable with respect to o {zl ();l<j— 1} Using (A.18), (A.19)
and employing similar arguments as in Theorem 3, we find that any test in the
parametric model {Pl/\/?z,h{gl X Py /nnig - hi,hy € R2} can be matched (along
sub-sequences) by a test that depends only on G, Gy, q1, ¢ in the limit experi-

ment. Hence,

6 (hlgla thO /QpndPnT (h]g1,hlg0)
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converges along sub-sequences to the power function, S(hi,hg), of some test
©(q1, g0, G1,Gp) in the limit experiment. Note that by our definitions, the first
component of h, is (¢q, hlg,), /0.. This in turn implies, as a consequence of the

definition of asymptotically level-« tests, that ¢(-) is level-« for testing
Ho : ((01,0)7ha, (50, 0)ho) = (0,0)

in the limit experiment.
Now, by Lemma 4 in Appendix B, the optimal level-a test of the null Hy vs
Hy : ((01,0)Thy, (00,0)Tho) = (1, fo0) in the limit experiment is

* Ma (Ja
Putpwo — ]I{ Z (xa - 202#3) > '7#17110} .

ac{0,1} a a

Using (A.20) and the fact 7; depends only on the past values of z](-a)(-), it follows
that the joint distribution of (g1, qo,x1,z0) depends only on pq, e for b € Hj.
Consequently, the power, [y, {gpfn, uo} , of 3, . against the values in the alternative
hypothesis H; depends only on (u1, i), and is denoted by 3* (1, po). Since @7,
is the optimal test and (g, o) € R? is arbitrary, S(hi, ho) < S*(p1, po). This
further implies limsup,, 8,(h1g1, higo) < B*(u1,po) for any (p1,p0) € R and
hi,ho € R? such that (o, hlg.), = pa. Setting hy = (0, (Y, ga), » 7all,)
for a € {0,1} then gives limsup,, [ ©ndPur g,.90) < B (41, tho). Since (g1, 90) €
T(Po(l)) X T(PO(O)) was arbitrary, the claim follows.
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APPENDIX B. ADDITIONAL RESULTS

B.1. Variance estimators. The score/efficient influence function process z,,(-)
depends on the information matrix I (in the case of parametric models) or on
the variance o (in the case of non-parametric models). For parametric models,
if the reference parameter, 6y, is known, we could simply set I = I(fp). In most
applications, however, this would be unknown, and we would need to replace [
and ¢ with consistent estimators. Here, we discuss various proposals for variance

estimation (note that I can be thought of as variance since Fy[iy)T| = I).

Batched experiments. If the experiment is conducted in batches, we can simply use
the data from the first batch to construct consistent estimators of the variances.
This of course has the drawback of not using all the data, but it is unbiased and

v/n-consistent under very weak assumptions (i.e., existence of second moments).

Running-estimator of variance. For an estimator that is more generally valid and

uses all the data, we recommend the running-variance estimate
1 [nt] a) 1 [nt] 1 [nt] T
Zwa )¥a(Y; Zwa Zwa , (B.1)

for each treatment a. The final estimate of the variance would then be f]af
for stopping-times experiments, and ia,qa for batched experiments. Let >,

Eyo[¢a]] and suppose that 9,97 is A-sub-Gaussian for some A > 0. Then us-
ing standard concentration inequalities, see e.g., Lattimore and Szepesvari (2020,

Corollary 5.5), we can show that

T A
PnT70 (U {‘Ea,t -
t=1

where C' is independent of n,¢,6 (but does depend on ). Setting § = n~ for

In(1/6)

nt

})SnT& vV del0,1],

some a > (0 then implies that 2(1772 and ia,qa are /n-consistent for ¥, (upto log

factors) as long as 7, g, > 0 almost-surely under P,7.

Bayes estimators. Yet a third alternative is to place a prior on 3, and continuously
update its value using posterior means. As a default, we suggest employing an

inverse-Wishart prior and computing the posterior by treating the outcomes as
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Gaussian (this is of course justified in the limit). Since posterior consistency holds

under mild assumptions, we expect this estimator to perform similarly to (B.1).

B.2. Supporting information for Section 6.1. In this section, we provide a
proof of Lemma 1. The proof proceeds in two steps: First, we characterize the
best unbiased test in the limit experiment described in Section 6.1. Then, we
show that the finite sample counterpart of this test attains the power envelope for

asymptotically unbiased tests.

Step 1: Consider the problem of testing Hy : p = 0 vs Hy : g # 0 in the limit
experiment. Let P,(-) denote the induced probability measure over the sample
paths of z(-) in the limit experiment, and E,[-] its corresponding expectation.
Due to the nature of the stopping time, z(7) can only take on two values 7, —v.
Let ¢ denote the sign of z(7). Then, by sufficiency, any test ¢, in the limit
experiment can be written as a function only of 7,. Furthermore, by Proposition
2, any unbiased test, ¢(7,0), must satisfy Eo[dp(7,d)] = 0.
Fix some alternative p # 0 and consider the functional optimization problem

max B, [p(r. )] = Eo [p(r. d)er"" 57" (B.2)
12

s.t Eo[e(7,9)] < aand Ey[dp(r,d)] = 0.

Here, and in what follows, it should implicitly understood that the candidate
functions, ¢(-), are tests, i.e., their range is [0,1]. Let ¢* denote the optimal
solution to (B.2). Note that ¢* is unbiased since ¢ = « also satisfies the constraints
in (B.2); indeed, Eq[0] = 0 by symmetry. Consequently, if ¢* is shown to be
independent of p, we can conclude that it is the best unbiased test.

Now, by Fudenberg et al. (2018), § is independent of 7 given u. Furthermore,
by symmetry, Py(6 = 1) = Py(d = —1) = 1/2 for p = 0. Based on these results,

we have

(0 =)Eolse(r,0)] = 5 [ (il 1) — (. 0)} dFo(r),

Eolp(7,6)] = ;/{cp(r, 1)+ o(1,0)} dFy(7), and

et e M

v/ s
/gO(T, 0)e™ 22" dFy(7).

’y/O’ T 2
et ne == aRy(n) +

Eo {90(7', 5)65“57_2%2“2} =
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The first two equations above imply Eq[¢(7,1)] = Eo[¢(7,0)] = Eo[p(T, §)]. Hence,

we can rewrite the optimization problem (B.2) as

ma
e() {

s.t. / o(r,1)dFy(7) < a, / (7, 0)dFy(7) < a and

/ o(r, )dFy(r) = / o(, 0)dFy (7).

e—Hv/o
2

wy/o . o 2
S [ e vemaR () + o [e(r0)e " dFo<T>} (B.3)

Let us momentarily disregard the last constraint in (B.3). Then the optimization
problem factorizes, and the optimal ¢(-) can be determined by separately solving
for o(-, 1), ¢(+,0) as the functions that optimize

n%a)i/w(ﬁ a)e’zu%“QdFo(T) s.t. /(p(T, a)dFy(r) < «

PLsa
for a € {0,1}. Let ¢*(-,a) denote the optimal solution. It is immediate from the
optimization problem above that ¢*(7,1) = ¢*(7,0) := ¢*(7), i.e., the optimal ¢*
is independent of §. Hence, the last constraint in (B.3) is satisfied. Furthermore,

by the Neyman-Pearson lemma,

o (1) = I[{e_ﬁ“2 > 7} =1{r <¢},

where ¢ = F; *(a) due to the requirement that [ (7, a)dFy(7) < a. Consequently,
the solution, ¢*(-), to (B.2) is given by I {7‘ < Fo_l(a)}. This is obviously indepen-

dent of u. We conclude that it is the best unbiased test in the limit experiment.

Step 2: The finite sample counterpart of ¢*(-) is given by ¢(7) :=1 {f' < Fo_l(oz)},
where it may be recalled that 7 = inf{¢ : |z, ()| > v}. Fix some arbitrary g :=
(g1,90) € T(Pél)) X T(Péo)). Let P,r4 be defined as in the proof of Proposition 5.

By similar arguments as in the proofs of Adusumilli (2022, Theorems 3 and 5),

P r=inf{t: |z(t)] >}

P, nT,g

along sub-sequences, where x(t) ~ o~ 'ut + W (t) and p = (b1, g1), — (Yo, go)-

Hence,

dim 5(g1,90) := lim Py g, g0) (f < Ff(“)) =P, (T < FJI(Q)) ;
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where P, (+) is the probability measure defined in Step 1. But 5*(u) := P, (7’ < Fo_l(a))
is just the power function of the best unbiased test, ¢*, in limit experiment. Hence,

$(+) is an asymptotically optimal unbiased test.
B.3. Supporting information for Section 6.2.

B.3.1. Nonparametric level-au and conditionally unbiased tests. Here, we define
non-parametric versions of the level-a and conditionally unbiased requirements.
We follow the same notation as in Section 4. A test, @, of Hy: 1 — o = p1/+/n
is said to asymptotically level-c if

sup lim SUp/]I{f' = k}cpndpnT,h < qy, Y k. (B4)
{h:(yr,h1), ~(Woho)o=p} ™

Similarly, a test, ¢,, of Hy : pu1 — po = p/v/n vs Hy : gy — po # p//n is

asymptotically conditionally unbiased if

sup limsup [ {7 = k}@ndPurn
{h:(%,hl)l—(%,hwozu} n

= inf lim inf / OndPr p.
{h1(¢1,h1)1—(¢07h0>0?§u} n

B.3.2. Attaining the bound. Recall the definition of x,(-) in (4.3). While z,/(:)
depends on the unknown quantities oy, 0y, we can replace them with consistent
estimates 41,5 using data from the first batch without affecting the asymptotic
results, so there is no loss of generality in taking them to be known. Let ¢ :=
©*(7, 2,(7)) denote the finite sample counterpart of p*.

By an extension of Proposition 5 to a-spending tests, as in Theorem 2, the
conditional power function, f*(ulk), of ¢* in the limit experiment is an upper
bound on the asymptotic power function of any test in the original experiment. We
now show that the local (conditional) power, B (g1, golk), of ¢ against sub-models
Py mgi X Pryymg, converges to f*(u|k). This implies that ¢ is an asymptotically
optimal level-a test in this experiment.

Fix some arbitrary g := (g1, 90) € T(Pél)) X T(Péo)). Let P,r4 be defined as in

the proof of Proposition 5. By similar arguments as in the proofs of Adusumilli
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(2022, Theorems 3 and 5),

Tal-) == ()

PnT,g
along sub-sequences, where z(t) ~ o't + W(t) and p = (1, 91), — (Yo, go)o-
Since 7 is a function of z,(-), the above implies, by an application of the extended

continuous mapping theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1),

that
lim / {7 = k}@Pur(o1.00) / I{r = k}¢*dP,, and
Jim [ T{# = K} Pur o) = [ T = k}dP,.
Hence, as long as Py(7 = k) # 0, by the definition of conditional power, we obtain
s JI{T = k}p*dP,
1 k) = = k
dim 5(g1, golk) I{r  k}dP, (klk),

for any p € R. This implies that ¢ is asymptotically level-a (as can be verified
by setting p = 0 etc), and furthermore, its conditional power attains the upper

bound SB*(:|k). Hence, ¢ is an asymptotically optimal level-a test.

B.4. Supporting results for the proof of Proposition 5.

Lemma 2. Consider the setup in the proof of Proposition 5. Let P1(/\)f Al ga denote
the probability sub-model for treatment a, and suppose that it satisfies the SLAN

property

dpnt,hl (a) h Lnmat]

1
Py dPnt,O Yt

at .
— %hlhu ++op,o(1), uniformly overt.

Then, any test in the parametric model {Pl/ﬁ7h191 X Pl/\/ﬁ,h{]go thy,hy € RQ} can
be matched (along sub-sequences) by a test that depends only on G(T), T in the limit

experiment.

Proof. Recall that G, (t) := n /25" g, (V) for a € {0,1}. Then, by the
statement of the lemma, we have

dPnT tha

hlm( @) = hIGan(?) — 2 (1) (B.5)
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for a € {0,1}. In the proof of Proposition 5, we argued that

(G1n(7), Gon(#), 7) == (G1(1), Go(7), 7), (B.6)

nT,0
where G, (t) ~ /TaW,(t) with Wi (-), W (-) being independent 2-dimensional Brow-
nian motions; and 7 is a Gi-adapted stopping time. Equations (B.5) and (B.6)

imply
dPnt (h]g1,h{g0)

Prro (ynt) == 3 {h;Ga(r)—W;T T } (B.7)

nT0 4e{0,1}

Now, any two-sample test, p,, is tight since ¢, € [0,1]. Then, as in the proof
of Theorem 1, we find that given any sequence {n;}, there exists a further sub-

sequence {n;, } - represented as {n} without loss of generality - such that

Pn d ©® TaT
dpP ? ;o Vi expz hTGa(T) - a (>
nt,(hTg1,h gg) a
(11 91,790 ( ) Pnro Vv p
dPnt,o Ynt

where ¢ € [0,1]. Now, given that Go(t) ~ /T, Wa(t),

NeXpZ{ TohI W (1) —

J

Clearly, V, is the stochastic/Doléans-Dade exponential of 3, {\/w_ah;Wa(T)}.
Since Wi (-), Wy(+) are independent, the latter quantity is in turn distributed as
(>, wahgha)l/ *W(t), where W(-) is standard 1-dimensional Brownian motion.

Hence, by standard results on stochastic exponentials,
ot
M) = expy {h;Ga(t) _ Qh;ha}

is a martingale with respect to the filtration G;. Since 7 is an G;-adapted stopping
time, E[V] = E[M(7)] = E[M(0)] = 1 using the optional stopping theorem.
The above then implies, as in the proof of Theorem 1, that

hm Bn(hqgl;hog() hm /QOTL T(hIghh(T)go) = E @eZa{hEGa(T)_%hlha} .
(B.9)
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Define ¢(7,G(1)) := E|p|r, G(T)]; this is a test statistic since ¢ € [0,1]. The
right hand side of (B.9) then becomes

B | (7, G(r))eXed MG =2u b |

But by the Girsanov theorem, this is just the expectation, Ep[p(7, G(7))], of
(1, G(7)) when Go(t) ~ mohat + /T W, (t) . This proves the desired claim. [

Lemma 3. Consider the limit experiment where one observes a stopping time T
and independent diffusion processes G1(-), Go(-), where Go(t) 1= mohat+/T W, (1).
Let o, z(-) and F; be as defined in the proof of Proposition 5, and suppose that T
is Fy-adapted. Then, the optimal level-v test of Hy : (01,0)Thy — (00,0)Thy = 0 vs
Hy : (01,0)Thy — (00,0)Thg = p in the limit experiment is given by

o, 2(r)) =1 {m(r) ~ 5;7 > 7} .

Proof. For each a we employ a change of variables h, — A, as A, = A h,, where

Set A := (A1,Ap). The null and alternative regions are then Hy = {A :
(LLO)TA; — (1,0)TAp = 0} and H; = {A : (1,0)TA; — (1,0)TAy = p}. Let
Pa = P, denote the induced probability measure over the sample paths generated
by Gi(-),Go(-) between t € [0,T], when Go(t) ~ mo Ay At + /T Wa(t). Also,
recall that

x(t) == = (0121(15) - UOZO@)) )

o\ o
where z;(+), z2(+) are the first components of Gi(+), Go(+).

Fix some A := (Al, AO) € Hy. Let Aq; and Am denote the first components
of Ay, Ay, and define v, n so that

m o

_ _ 2 2
(A1, Ag1) = <7+"1’7,7—%’7>. (B.10)

Clearly, n = pu/0? and v = Ay, —o?n /7. Now construct A = (Ay, Ay) as follows:
The second components of Ay, Ag are the same as that of Ay, Ag. As for the first
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components, Ay, Ay of Ay, Ay , take them to be

(A1, Aot) = (1,7). (B.11)

By construction, (Ay, Ag) € Hy.
Consider testing H, : A = A vs H : A = A. Let lnd A(gt) denote the
likelihood ratio between the probabilities induced by the parameters h, b over the

filtration G;. Since G1(+), Go(+) are independent, the Girsanov theorem gives

| dPa
I op

(G) = (A{Allcl(f) _ TA{AfAl) _ (A{AllGl(r) _ ”;TA{AﬂAl)

+ (B3 Golr) - T AN A ) — (B3A5Go(r) — 2L ATAG A

= ona(7) —

where the last step follows from some algebra after making use of (B.10) and
(B.11). Based on the above, an application of the Neyman-Pearson lemma shows

that the UMP test of H| : A = A vs H| : A = A is given by

2 2 2
7 =1{oma(r) = L 2 5} < tfuatr) - v 2},

Here, v is to be determined by the size requirement. Now, for any A € Hy,

o(t) = - ( j‘j(l,owvl(w - \/fu,owwou)) ~ T (1),

where W (-) is standard 1-dimensional Brownian motion. Hence, the distribution

of the sample paths of x(-) is independent of A under the null. Combined with
the assumption that 7 is F;-adapted, this implies ¢}, does not depend on A and,
by extension, A, except through p. Since A € H; was arbitrary, we are led to
conclude 7 is UMP more generally for testing Hy = {A : (1,0)TA; —(1,0)TAy =
0} vs Hy = {A: (1,0)TA; — (1,0)TAq = pu}. O

B.5. Supporting results for the proof of Proposition 8.

Lemma 4. Consider the limit experiment where one observes q, = ;T

= (1,0)7%; ZJ(»Q) (W](-a)), where



and m; is measurable with respect to
Fra=o {10721 <j—Lae{01}}.

Then, the optimal level-a test of Hy : ((1,0)Thy, (1,0)Thy) = (0,0) vs Hy :
((1,0)Thy, (1,0)Thy) = (p1, fo) in the limit experiment is

* da 2
Puipo — I { Z (,uaxa - 2:ua) > 7u1,uo} .
ac{0,1}

Proof. Denote

Hy={h:((1,0)Thy,(1,0)Thy) = (0,0)}, and

Hy = {h: ((1,0)Thy, (1,0)Tho) = (tu1, o)} -

Let P, denote the induced probability measure over the sample paths generated
by {zj(-a) (t):t < ﬂj(a)}j,a.

Given any (hy, hg) € Hy, define h, = h, — (1,0)Th,(1,0) for a € {0,1}. Note
that (i’Ll, ilo) € Hy and (1,0)Tha = lq- Let

d]P)(ill,ilo)
AP (ny ko)

In

(9)

denote the likelihood ratio between the probabilities induced by the parameters

(hy, ho), (hy, hy) over the filtration
g EU{Z](-G)(t) it < ﬂ](a);j =1,....J;a € {0,1}}.
By the Girsanov theorem, noting that {zj(-a) (t):t < WEG)}j are independent across

a and defining G, := >, Z](a)(ﬂj(.a)), we obtain after some straightforward algebra
that

dP; . -
In ko) oy {(hTGa - qahTha> _ <hTGa - q“hTha)}
d]P’(hl,ho)( ) 2a: ¢ 2 ’ 2"

= Z (:uaxa(T) - HQaQa) )

where z, is the first component of GG,. Hence, an application of the Neyman-

Pearson lemma shows that the UMP test of H, : h = (hy, hg) vs H| : h = (hy, ho)
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is given by

2
* Ha
hro = {Z (ua%(ﬂ - 2%) > 7} ,

a

where 7y is determined by the size requirement.

Now, for any h € Hj,, both z, and ¢, measurable with respect to F by as-
sumption. Since (1, O)TZ](G)(~) is independent of h, given p, for all j, a, it follows
that the distribuion of z,, g, is independent of h € Hy under the null. This im-
plies that o5, does not depend on (iLl, izo) and, by extension, (hq, hg), except
through (u140). Since (hy, hy) € Hy was arbitrary, we are led to conclude ©rir o
is UMP more generally for testing the composite hypotheses Hy vs Hj. U
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